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A revised expression is der ived for the m e a n  absorption coef f ic ien t  

of a hydrogen- type  p l a sma ,  which in the l i m i t  of c o m p l e t e  ion iza t ion  

becomes  the standard formula  for f r ee - f r ee  absorption. 
Consider the re la t ion  be tween  the  e lec t ron  tempera ture  T and the 

ion t empera ture  T i in an op t i ca l ly  thin p lasma.  Radia t ive  iosses dis- 

turb the equ i l ib r ium be tween  T and Ti; marked  devia t ion  of T / T i  

from unity for constant  T i occurs for q2 > l0  s ~ for air and heav ie r  
gases.  

In a r ad ia t ion -coo led  p lasma ,  the di f ference of r / T  i from unity 
for the same T is less by about an order of m a g n i t u d e t h a n  in the s teady-  
state case.  Exact data have  been  obta ined for the dependence  of ]1 on 

T i for an air  p lasma.  

1. General .  Radiat ion losses cause dev ia t ion  from the rmodynamic  

equi l ib r ium in an op t i ca l ly  thin m e d i u m ,  which i tself  affects  the ra-  

d ia t ive  propert ies of the m e d i u m .  This dev ia t ion  in a sma l l  vo lume  of 

g iven  density has one of the fol lowing effects: 1) the populat ions u z of 

the energy l eve l s  l cannot  a t  a l l  be  described v ia  equ i l ib r ium relat ions,  

or 2) these re la t ions  apply only to par t icu lar  groups of u l and not to a l l  

groups, in par t icu lar ,  the populat ions  of the exc i t ed  e lec t ron  s ta tes  
(bound or free) are reduced ei ther  in an essent ia l ly  nonequi l ib r inm 

fashion or by  reduct ion of T re l a t ive  to T i. The reduct ion in u l in a 

radia t ing  p lasma with a g iven  T has been discussed in de ta i l  [1, 2] .  It 

has been shown for a thin hydrogen p la sma  [1] that  y ~- uZ/u ~ ( i nwh ich  
ui ~ is the equi l ib r ium va lue  of u l for T) for free electrons is much  less 

than one when the density N e of the free e lectrons is smal l .  For in-  
s tance ,  y = 2 �9 10 -s at  T = 5000 ~ K (low degree  of ioniza t ion)  for a 

hydrogen p lasma at no rma l  pressure, whi le  y = 0.84 at T = ~5 000 ~ K. 

The N e g iv ing  

y = t O.1)  

( loca l  t he rmodynamic  equ i l ib r ium in the e lec t ron  states) is much  h igh-  

er for a gas  with m u l t i p l e  ion iza t ion  than for one with s ingle  ion iza -  

t ion,  because  the cross-sect ions for co l l i s iona l  exc i t a t i on  and ion iza -  

tion by electrons decrease  roughly as (z + 1) -s (z = 0 for a neu t ra l  

a tom,  z = 1 for a s ingly ion ized  a tom,  etc.)  [2] ,  whi l e  the probabi l i ty  
of spontaneous emiss ion increases  as (z + 1) 4 [3] .  

t h e  free e lec t rons  in a t ransparent  p lasma are [2] in equ i l ib r ium 

with the populat ions of l e v e e  of p r inc ipa l  quantum number  n in hydro- 

g e n - t y p e  ions if 

/ ,\ iz ] cm -3 (1.2) 

in which I z is the ion iza t ion  po ten t i a l  of a hydrogen- type  ion with 

charge z - 1. 

Relat ion (1.1) is a lmost  a lways obeyed for la rge  n, but this is a 

fa i r ly  s tr ingent  condi t ion for the lower exc i ted  levels .  For example ,  

(1.2) applies  only for n >__ 4 for c o m p l e t e l y  ionized air of normal  den- 

sity. However, there is cons iderable  interest  in a p lasma op t i ca l ly  

thin r e l a t ive  to f r ee - f r ee  and f ree-bound rad ia t ion  but  opaque for reso- 

nant  radia t ion  from the lower exc i t ed  leve ls  [ 3 , 4 ] ,  which do not satis-  

fy (1.1) (for example ,  a l ow- t empera tu r e  p lasma is usual ly  opaque to 

the Lyman series). If the emiss ion  from the first exc i ted  l eve l  is sub- 

s tan t ia l ly  reabsorbed,  r e la t ion  (1.1) is [2] obeyed in any case if 

Ne> iOl'zT(~-z )'/~ ( ~ ) S  cm'a, (1.8) 

in which E z and E, are the energies  of the l eve l s  with n = 2 and n = 1. 

If the p lasma is also opaque for ce r t a in  other resonant quanta,  an in-  

equa l i ty  of the  (1.3) type  becomes  less s t r ingent  [2]. Experiments  wi th  

sparks [5] and shock waves [6] show tha t  there  is a zone where (1.1) is 

obeyed in a hot gas  transparent  for f r ee - f ree  and f ree-bound radiat ions.  

T m a y  not equal  T i a l though (1.1) is obeyed,  and this  aspect  is 
e x a m i n e d  quan t i t a t i ve ly  here.  We also e x a m i n e  the emiss iv i ty  of a 

hot spa t ia l ly  homogeneous  gas and the re la t ion  of T to T i in a s teady-  
s ta te  p lasma (given T i) and in a cool ing p la sma  that  sat isf ies (1.1) and 
is t ransparent  for f ree-bound and f ree - f ree  radiations.* It w i l l  be  shown 
that ,  for air or a heav ie r  gas, 

(T i -- T) ~ T (1.4) 

is not obeyed for T > 10 5 ~ 

w Steady s ta te .  Consider the re la t ion  of T to T i for a rad ia t ing  

p lasma in which r i is kept  constant  in some way. T as a funct ion of 

T i is de te rmined  from the equa l i ty  of the rad ia t ion  f lux to the energy 

rece ived  by  the e lect rons  from col l is ions with heavy  par t ic les ,  which 

is 

3 Nkz (T i - -  T) / 2 T (• = 252 AT'h/z 2 NA) , (2.1) 

in which N is the density of heavy  par t ic les ,  r is the e lec t ron- ion  re- 

l axa t ion  t ime ,  A is the a tomic  weight  of the ion and A is the Cou- 

lomb logar i thm.  If there  is a mix tu re  of ions, z means  the m e a n  ion 

charge,  which equals the number  of free e lectrons per heavy  par t ic le .  
Expression (2.1) has been derived v ia  Landau's  r e l axa t ion  equat ion,  

on the assumption that  the r e l axa t ion  does not cause the f ree -e lec t ron  

v e l o c i t y  to. dev ia te  from a Maxwel l i an  distr ibution,  which is just i f ied,  
s ince the rad ia t ive  cool ing and co l l i s iona l  hea t ing  are slow r e l a t i ve  

to the es tab l i shment  of the  Maxwel l i an  v e l o c i t y  dis tr ibut ion for e l ec -  
trons, which has a cha rac te r i s t i c  t i m e  r e = ZEro~g, in which m and/a 

are the masses of an e lec t ron  and an ion. There would be an appreci -  

able  dev ia t ion  from a Maxwel l i an  distr ibution for the electrons of T i >> 

>> T, but this would require  e x t r e m e l y  high temperatures ,  whereas 

T i -- T < T in a l l  cases envisaged here .  

f he  radia t ion  e m i t t e d  by uni t  vo lume  of gas is [8] 

4~T4x (T) , (2.2) 

in which 3< is the m e a n  absorption coef f ic ien t  and o is Stefan's con- 

stant.  
The precise  r e l a t ion  be tween  T and Ti  is dependent  on the nature  

of the gas and w i l l  be considered for an air p lasma after we have  con- 

sidered more  approx ima te ly  the relat ions for a l l  gases. 
We use the fol lowing approx imate  expression [8] for the absorption 

coefficient:** 

:4 = 9.i0-247V' (z - 1) za ( ~ )  -T~ ' (2.3) 

in which I z is the  ion iza t ion  po ten t ia l  for ions with a m e a n  charge z - 

- -  1 ,  

We first need some revis ion of (2.3), which wi l l  be seen to be  not 

very  important  for I z / k T  > 1, but  which is necessary for the  correct  

descr ipt ion of z for a c o m p l e t e l y  ionized p lasma for I z / k T  < 1. Of 
course, in p lace  of (2.2) and (2.3) we could use the data of [7],  which 

*Obedience to (1.1) for examina t ion  of the re la t ion  be tween  T and 

T i is required only insofar as i t  is necessary in order for N e to be de- 

scribed by Saha's  equat ion  and for the m a i n  radia t ions  from the p lasma 

to be  f ree - f ree  and f ree-bound.  

'~~ The formula  from [3] is here  g iven  in the revised form obta ined 

by rep lac ing  the m of [3] by z - 1. We then use the method of [3] ,  

taking into account  the fac t  tha t  the m a x i m u m  in N m e x p ( - - I m / k T )  

does not co inc ide  with the m a x i m u m  Nm and l ies  at  m = z - 1, which 
gives  (2.3) for z > 1. This fea ture  is impor tan t  for the substi tution of 

the correct  va lue  of I z into (2.3). 
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were derived by d i rec t  c a l cu l a t i on  of the rad ia t ion  losses of a hydro- 

g e n - t y p e  p l a sma  v ia  bremsst rahlung and recombina t ion  radia t ion .  

However,  i t  is of interest ,  a t  least  as regards method,  to find the ra-  

d ia t ion  losses of (2.2) by c a l c u l a t i o n  of x .  

w Mean absorption coefficient of a hydrogen-type plasma, For- 
mula  (2.8) is ob ta ined  by f requency  ave rag ing  of the spect ra l  coef f i -  

c i en t  x v for a hydrogen- type  ion, wi th  subsequent t ransformat ion by  

Saha 's  formula  for an ion wi th  the ave rage  charge  [3].  The contr ibu-  

t ion from the bremsst rahlung absorption to x is t aken  into account  only 

by the Kramers-Unsold r e l a t ion  [3, 8] 

aNz-lz2 (~__ Iz 
% - -  T2x3 exp ~ - ) ,  

]zv 

hv ~ Iz,  a = 0.96 . 10 -~ cm 2 deg 2, x _ k T  ' (3.1) 

which applies  for quanta  wi th  hv << 1 z. Moreover, (3.1) is appl ied  

throughout the range hv  < I z in der iv ing (2.3). 

To conver t  cor rec t ly  to ~v  for a c o m p l e t e l y  ionized  p lasma we 

must  a l low for a l l  f r ee - f ree  transi t ions and not use (3.1) at  f requencies  

w Relation of T to T i in a steady-state plasma. We equate (2.1) 
and (2.2), and use (3.4) with o and x to ge t  

O ~  T - -  3zNk  ~3"5"10~9 kT @ = 2 -  , (4.1) 

It fol iows from (4.1) tha t ,  for hydrogen,  O ~ t only for T ~, 10 l~ ~ 

(A "-~ 10 for a hydrogen p l a sma  at such T); but  the T for other e l e m e n t s  
are much  less because  A >> 1, I z / k T  >> 1, and A is smal le r .  For in-  
s tance,  0 ~ 1 for argon of no rma l  densi ty for T of 5 �9 105 to l06 ~ 

( I z / k T  ~-. 10, A ~ 1). These results are obta ined v ia  the approx imate  
fo rmula  (8 ,4 ) ,  whereas  (1 .4 )  m a y  be v io la t ed  at t empera tu re s  substan- 

t i a l l y  less than  this,  because  (8 .4 )  for a hydrogen- type  p l a sma  gives  

as somewhat  less than  the  more  accura te  formula  (8.3),  s ince in  going 

from (8 .8) to  (8 .4)no  a l l owance  is made  in 8 aha 's  formula  for the contr ibu-  
t ion of exc i t ed  e l ec t ron ic  leve ls  to the  e l ec t ron ic  s t a t i s t i ca l  sum for the ion. 

The following are results for 0 as a funct ion of T for an air plasma 
of normal  density,  together  wi th  z and A, which  have  been  c a l c u l a t e d  

via data  [9] for z and '~  for a i r ,  the  results for x kn [9] be ing  from the 

in t eg ra l  Kramers-Unsold formula  [8] ,  which differs only s l ight ly  from 

(3.3) for I z / k T  > 1: 

T . ~ 0 - a ~  2 .0  1.0 0.8 0.65 0.50 0.30 0.2q 0.16 0A0 0.el8 
z = 7 . 2  7.2 6.8 6.2 5.6 5.2 5.0 4.5 3.9 3 . i  2 .4  
A = 3 . 2  2 .6  1.7 1.7 1.6 1.5 0.8 0.53 0.64 0.50 1.0 

x ( c m - ~ ) = 6 . t . t 0 - a  t . 9 . 1 0  -2 0.'16 0.32 0.87 2 .7  t2 26 28 45 54 
0 = 0 . 9 8  0.62 0 .4 t  0.42 0.61 0.82 0.67 0.53 0.27 0.1t  0.06 

that  do not obey hv << I z. The spect ra l  coef f ic ien t  for bound- f l ee  and 

f ree- f ree  absorption is [3] 

co 

(3.2) 

Formula (3.1) is der ived from (3.2) by rep lac ing  the  sum wi th  re-  

spect to n by an in tegra l ,  The contr ibut ion from n sma l l  must  be  taken  
into account  separa te ly  in  that  approach.  However,  i t  is s impler  to 

ca l cu l a t e  x by not  using (3.1) at  a l l  and m e r e l y  in tegra t ing  (3.2) with 

respect  to f requency [7] before  summat ion  with respect  to n. In tegra-  
t ion of (8.2) with respect  to f requency (with respect  to x w i t h t h e  weight -  
hag factor [8] 15 xSe-X/Tr 4) and summat ion  over a l l  types of ions g ives  

Zmax 

z-- aaT:~ E N~-IF + 
i= t  

co t 1.2 , ( 3 , 3 )  
S =  ~ ~--5--~ 

which differs from the analogous expression in [3] by the factor  2 /3  in 

front of the sum and by the  add i t iona l  1 /2  t e rm in the parentheses.  We 
get  the folIowing after combina t ion  of (3.3) with Saha 's  equat ion:  

c* 
o {  ~' -x'l 

N a N  i = 4 .85 .10  "~a - - T  ~ e  ' N i _  t , 

and with g l /g i -1  ~ 1 /2  for the ra t io  of the s ta t i s t i ca l  sums for hydrogen-  

type ions, and then averag ing  the sum wi th  respect  to i ,  

~ 6.2 �9 t0  -24 ;Y2z3T-"~ (2 z i g  @ t) . (3,4) 

This revised formula  for x is m u l t i p l i e d  by 4 oT 4 to g ive  the cor- 

responding expression in  [7] if the la t te r  is averaged  wi th  respect  to 

ion charge.  This resul t  is en t i re ly  na tura l  in v iew of Kirchoff 's  law and 

because  the e m i t t a n c e  in  [7] was c a l c u l a t e d  on the basis  of the same 

hydrogen- type  approx imat ion .  

This shows that  the d i f ference  be tween  T and T i becomes  appre-  
c i a b l e  for T = 105 ~ and that  0 ~ 0.5 for T = 2 . ?0 s ~  with l i t t l e  

change  when T increases  up to 2 �9 10 a ~ Equation (4.1) describes 

c lose ly  the subsequent increase  in 0 wi th  T. The dependence  of 0 on 

the gas densi ty has been  incIuded  in A. t h e  d i f fe rence  be tween  T and 

T i increases  wi th  the densi ty on account  of the f a l l  in A. 

w Cool ing  plasma, The t i m e  dependence  of T and T i here is 

found by solving a system of two ordinary d i f fe ren t i a l  equations,  but  

an approx imate  solut ion of good a c c u r a c y  can be obta ined in another 

way, because  the speci f ic  hea t  of the e lec t ron  gas (which includes  the 

speci f ic  hea t  of ioniza t ion)  is m u c h  grea ter  than the specif ic  hea t  of 

the gas of heavy  par t ic les ,  so the e lec t ron  gas cools fa i r ly  slowly,  and 

T i can  fol low T. As a first approx imat ion  we put d T / d t  = d T i / d t  t oge t  

dTi / dt = 4 oT4x / C v , (5.1) 

in which t is t i m e  and C v is the equ i l ib r ium va lue  of the speci f ic  heat  

at  constant  vo lume  for a p l a sma  of t empera tu re  T. 

We substi tute (5.1) into the r e l axa t ion  equa t ion  for f i,  

dI"~ / dt = z (T - -  T~) / T , 

to ge t  / 

0 = 4 sT~• I ( z C v )  . ( 5 . 2 )  

Compar ison of (5.2) with (4,1) shows that  0 for a cool ing plasma is 

less than tha t  for the same T in the s teady s ta te  by a factor  2Cv/3Nk.  
This ra t io  is z + 1 for a c o m p l e t e l y  ionized  p lasma ,  whi le  for incom-  

p le te  ion iza t ion  i t  is g rea te r  than z + 1 on account  of the contributions 
to C v from the speci f ic  hea t  of ion iza t ion  and the exc i t a t i on  of the 

e lec t rordc  l eve l s  of the bound states.  
If T = T i = T o i n i t i a l l y ,  the condi t ion of (6.2) is reached  in a t ime  

At,  during which the p l a sma  cools to 

T ~. To - -  4 OTo~X~ / (zC~.), T. i = 1% 

It follows from (6.1) and (5.2) that  At ~ T/Z.  

The fol lowing are va lues  for 2Cv/3Nk ca l cu l a t ed  v ia  [9] and also 

0 for a cool ing air p l a sma  of normal  density for the same T as for the 

steady state:  

T-l(~-'; (~ = 3 ' 2 1 0  0.8 
2Q]3Nk = 7.8 7.'] 2t 28 

0 = 0 . t 3  0.087 0.02 0.015 

0.65 0.5 0.3 0.2 0.16 O. i  0.084 
24 t l  8.1 t4  17 t5 t4 

0.025 0.074 0.083 0.038 0.016 0.007 0.004 
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This shows that 0 is much  less than in the corresponding steady 
states and does not exceed 9% for all T < 2 �9 106 ~ 
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